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Macrophages ingest the fungus Crypfococcus neoformans only in the presence of opsonins, and this provides
a remarkably clean system for the detailed analysis of phagocytosis. This system is also unusual in that
antibody-mediated phagocytosis involves ingestion through both Fc and complement receptors in the absence
of complement. Mathematical modeling was used to analyze and explain the experimental data that the
macrophage phagocytic index increased with increasing doses of antibody despite saturating concentrations
and declined at high concentrations. A model was developed that explains the increase in phagocytic index with
increasing antibody doses, differentiates among the contributions from Fc and complement receptors, and
provides a tool for estimating antibody concentrations that optimize efficacy of phagocytosis. Experimental
results and model calculations revealed that blocking of Fc receptors by excess antibody caused a reduction in
phagocytic index but increased phagocytosis through complement receptors rapidly compensated for this effect.
At high antibody concentrations, a further reduction in phagocytic index was caused by interference with
complement receptor ingestion as a consequence of saturation of the fungal capsule. The ability of our model
to predict the antibody dose dependence of the macrophage phagocytic efficacy for C. neoformans strongly
suggest that the major variables that determine the efficacy of this process have been identified. The model
predicts that the affinity constant of the opsonic antibody for the Fc receptor and the association-dissociation
constant of antibody from the microbial antigen are critical parameters determining the efficacy of

phagocytosis.

Phagocytosis is a process by which certain types of cells are
able to ingest particles and microbes. Some protozoa, like
amoebae, use phagocytosis for the acquisition of food. Among
the metazoa, many animals have specialized cells for host de-
fense that can ingest and destroy microbes. In mammals, tissue
macrophages are highly specialized cells that ingest, destroy,
and digest microbes and present peptide antigens to lympho-
cytes. Macrophage phagocytosis is dependent on cellular re-
ceptors and can be enhanced by the presence of antibody or
complement opsonins (2). In many infectious diseases, the
production of opsonic antibody is associated with immunity.
Therefore, this phylogenetically ancient process represents a
critical component of host defense against microbial infections.

Cryptococcus neoformans is a pathogenic yeast that is a rel-
atively frequent cause of life-threatening meningoencephalitis,
especially in immunocompromised individuals (10). This fun-
gus is unusual in that it has a polysaccharide capsule that is
antiphagocytic. Consequently, the interaction of C. neoformans
and macrophages rarely results in phagocytosis unless specific
antibody and/or complement-derived opsonins are present.
Phagocytosis of C. neoformans by macrophages has been stud-
ied with cells derived from various sources, including the J774
murine macrophage-like cell line (8). In this system, the phago-
cytic index was shown to depend on several variables, including

* Corresponding author. Mailing address: Albert Einstein College
of Medicine, 1300 Morris Park Ave., Bronx, NY 10461. Phone: (718)
430-3665. Fax: (718) 430-8968. E-mail: casadeva@aecom.yu.edu.

+ Supplemental material for this article may be found at http://iai
.asm.org/.

¥ Published ahead of print on 5 February 2007.

1904

the concentration and type of opsonin, the size of the capsule
expressed by the C. neoformans strain, and the relative ratio of
macrophages to yeast cells (8). This system has several advan-
tages for the study of phagocytosis, including the fact that yeast
cells are relatively large and can be easily counted by light
microscopy and the qualitative outcome of the interaction
whereby there is no significant phagocytosis in the absence of
opsonins. Hence, it is possible to define the variables that affect
the outcome of the interaction between C. neoformans and
macrophages in a manner that would be very difficult for other
microbial-macrophage systems.

We are particularly interested in the mechanisms of anti-
body-mediated protection against C. neoformans and the rela-
tionship between antibody dose and protective efficacy. Passive
immunization with antibody to the capsule is protective, but
administration of large amounts of antibody abrogates protec-
tion (13, 15) and can actually enhance the course of infection.
This phenomenon has been called a “prozone-like” effect.
While studying the interaction of macrophages and C. neofor-
mans in vitro, we noted that the phagocytic index declines at
higher antibody concentrations (13, 15). Given that this obser-
vation could be associated with the prozone-like phenomenon
observed in passive protection experiments, we decided to
study it in more detail and construct a mathematical model of
phagocytosis of C. neoformans that would allow us to better
understand the contribution of the various parameters to op-
sonic efficacy.

There have been several attempts to generate mathematical
models of phagocytosis in the literature (11, 16). Phagocytosis
is an attractive process for mathematical modeling because
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TABLE 1. Main variables in the model

Variable

Description

...No. of macrophages per well, assumed constant is our simulation M = M(0) = 0.75 X 10°
Population of free (not ingested) microbes, in microbes/well, P(0) = P, = 1.5 X 10%

P.(0) = P, = 200 the normalized (per 100 macrophages) initial population of free microbes
P, Population of microbes ingested by macrophages, in microbes/well, P,(0) = 0

many of the variables are relatively well understood. However,
none of the models available have addressed the critical con-
tribution of opsonin concentration, and the subject was last
investigated almost two decades ago.

We propose and test a mathematical model based on un-
derstanding of the underlying principles and mechanisms of
phagocytosis. We identify the main variables and parameters
of the model and analyze their impact on the outcomes of our
experiments. Our mathematical description of phagocytosis is
based on the differential equation which describes the rate of
change of the total number of ingested microbes, P, as a
function of the population of noningested (free) microbes, P,
and the rate of phagocytosis, r,. The rate of phagocytosis
depends on the amount of antibody bound to the C. neofor-
mans capsule and the number of receptors available, and we
use this model to explore the dependence of the phagocytic
index on the concentration of free antibody by combining
mathematical analysis and experimental work. We discuss the
issues that arise from the analysis of the model and propose
experimental and theoretical questions for further refinement
of the model.

MATERIALS AND METHODS

Phagocytosis assays. The assay used to study phagocytosis involved minor
modifications to the previously described methods (8, 9). For all experiments, we
used the J774.16 murine macrophage cell line, which faithfully reproduces the
interaction of C. neoformans with murine macrophages (6). Briefly, on the day
prior to the phagocytosis experiment, approximately 5 X 10* J774.16 cells were
added to 96-well polystyrene tissue culture plates (BD Falcon, Franklin Lakes,
NY) in media consisting of 10% heat-inactivated fetal bovine serum (Gemini
Bio-Products, Woodland, CA), 10% NCTC-109 (Gibco, Grand Island, NY), and
1% nonessential amino acids (Mediatech, Herndon, VA) in Dulbecco’s modified
Eagle media (Gibco) containing 50 U/ml of gamma interferon. After overnight
incubation at 37°C, the media were removed, the monolayer was washed three
times with fresh media, and 10° C. neoformans cells were added in media. All
experiments used C. neoformans strain 24067 (American Type Tissue Collection,
Rockville, MD). Monoclonal antibody (MADb) 18B7 is a murine immunoglobulin
G1 (IgG1) that binds the C. neoformans capsular component glucuronoxyloman-
nan and has been extensively characterized and used in a human clinical trial (3,
5). MAD 18B7 was added to the C. neoformans suspension in variable amounts,
and the macrophage-yeast suspension was incubated for 2 h at 37°C. In this
experimental system, the macrophages are immobilized at the bottom by virtue
of their capacity to grow as an adherent monolayer. The C. neoformans is added
in suspension, the yeast settle rapidly by gravity, and phagocytosis begins within
minutes. Afterwards, the monolayer was washed three times with phosphate-
buffered saline, fixed with cold methanol, and stained with Giemsa (Sigma-
Aldrich, St. Louis, MO). The phagocytic index was determined by counting
ingested yeast with an inverted microscope at a magnification of X100. Under
these conditions, it is very easy to distinguish attached from ingested yeast cells,
since the latter reside in discernible intracellular vacuoles. The phagocytic index
under the various conditions was determined by counting internalized yeast cells
per 100 macrophages in various fields (4 fields were counted). In our system and
conditions, antibody-mediated opsonization results in almost complete ingestion,
such that the overwhelming majority of yeast cells are inside macrophages. In
prior studies, we have validated our ability to distinguish between attached and
ingested yeast cells using fluorescence dyes that stain only attached yeast cells.
Antibody-mediated opsonization in this system is highly efficient and leads to

ingestion. In all conditions, more than 90% of the attached yeast cells internal-
ized irrespective of antibody concentration.

In some experiments, yeast cells were incubated with 18B7 for an hour or an
hour and a half to obtain a near-saturation occupancy of the yeast capsule before
addition of the antibody-coated cells to the macrophage monolayer. In some
experiments, we blocked the complement receptors by adding antibody to CD18,
CD11b, and CD1lc (BD Biosciences Pharmigen, San Jose, CA), which are
expressed by J774.16 cells (14). For these experiments, the above protocol was
modified by incubating the macrophage monolayer with blocking antibodies (50
pg/ml) for 1 h prior to the phagocytosis experiment. After washing and addition
of the C. neoformans suspension, MAb 18B7 blocking was maintained by includ-
ing the blocking antibodies (10 pg/ml) in the macrophage-yeast suspension. It is
noteworthy that this protocol was arrived at after modeling results revealed that
incubation of J774 cells with 10 pg/ml of blocking antibody was not sufficient to
block the complement receptors.

Mathematical modeling. Our mathematical model of phagocytosis is based on
the differential equation

dP;
dar P 1)
which describes the rate of change of the total number of ingested microbes, P;,
as a function of the population of free microbes, Py, and the rate of phagocytosis,
rp. The detailed mathematical analysis of processes involved in phagocytosis is
given in the supplemental material, where we construct a mathematical model of
this process. The main variables in the model are listed and described in Table
1. The main goal of this paper is to model the function of r,, which we call the
efficacy of phagocytosis and which depends on the amount of antibody bound to
the C. neoformans capsule and the number of receptors available.

We built our mathematical model of the phagocytic efficacy on two main
assumptions. The first assumption is that phagocytic efficacy increases as the
number of binding sites on the C. neoformans capsule for the appropriate type of
receptors increases, and the second is that there is a maximum efficacy of
phagocytosis for a given number of available receptors. Both of these assump-
tions were motivated and confirmed by the experimental results.

The simplest, and naturally the first, model to consider is a model based on
a linear increase in the phagocytic efficacy with the number of sites, s, on the
C. neoformans capsule available to bind the appropriate receptors on the
macrophage surface. This model is described by the differential equation
drp
ds
which the phagocytic efficacy increases does not depend on the amount of
antibody already bound to the C. neoformans capsule. Moreover, the solution
of this model, assuming r;(0) = 0, is r; = ks and is proportional to the rate
at which the antibody is binding to a given (constant) number of receptors.
Combining this model with the assumption that there is a maximum phago-
cytic efficacy led to our first mathematical model of phagocytic efficacy:

= const = k; and is therefore based on the assumption that the rate at

dry

ds =ki Ry —rn1) (2)

The constant &, is the initial growth rate of phagocytic efficacy, and the term
(Ras1 — 1) represents the reduction in the rate at which the efficacy of phago-
cytosis increases as it approaches the maximum phagocytic efficacy, R,,,, for the
given conditions. Both k; and R,;; depend on the number of available receptors
and may also depend on the health of macrophages and vary slightly depending
on the experimental conditions.

Our experimental results in the case of fully blocked complement receptors
strongly supported this model. The number of binding sites for Fc receptors, s,
is equal to the amount of antibody bound to the C. neoformans capsule 4p, and
therefore, equation 2 leads to the differential equation
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FIG. 1. Experimental counts of the number of phagocytized microbes (per 100 macrophages) as a function of antibody concentration (A) and
in the setting of blocked complement (C3R) receptors (B). Error bars represent standard deviations.

dry,

E =k (Ryy — 1) (3)
whose solution is

rr =Ry (1 — eik'A") (4)

The data of the phagocytic efficacy versus the amount of antibody bound to the
C. neoformans capsule indicate that the same type of a model

dr
7[,2 =k, Ry — 112) (5)

ds
does not fully account for the increase in the phagocytic index when the com-
plement receptors are involved. Consequently, to explain the efficacy of phago-
cytosis when the complement receptors are involved, we consider a mathematical
model where the increase in the phagocytic efficacy is a linear function of the
number of the complement receptor binding sites s on the C. neoformans capsule.
The differential equation applicable in this case is

drrs

ds ks (Rs = rps)s (6)
where s is the number of complement receptor binding sites on the C. neofor-
mans capsule. This mathematical model indicates a possibility of cooperation
among receptors at high density of antibody bound to C. neoformans capsule.
The general solution of the above differential equation is

rr3 =Ry — Ke 7 (7

where K is a constant. We combined the two above models (equations 5 and 7)
and obtained a mathematical model that incorporates both effects: the constant
increase in phagocytic efficacy at lower concentrations and the more rapid in-
crease in the efficacy of phagocytosis at a higher density of antibody bound to C.
neoformans capsule. We assumed that equation 7 describes the rate of increase
of the maximum phagocytic efficacy due to cooperation between receptors. The
constant K was determined from the assumption that, when there is no cooper-
ation (s = 0), the maximum phagocytic efficacy is r;5 = R,;,. We therefore
obtained 75 = Ry |1 + Rfl(l — e |, We replaced the constant maxi-

M.

mum phagocytic efficacy R,,, in equation 5 with r;5 and therefore modeled
phagocytosis through complement receptors by the following equation

rre= [Rip (1= e ™)][1 + Rys (1 — e )] ()]

of receptors are available, the phagocytosis through Fc and phagocytosis through

where Ry; = Our experimental results also indicated that, when both types

complement receptors are not independent processes, that is, the cumulative
result is not simply the sum of their respective contributions. Our model is set up
so that this effect can be easily incorporated. A natural extension of our model
for phagocytosis through complement receptors is the following equation:

rr=[Ryy (1 =) + Ryp (1 — e )] [1 + Ry (1 — )] 9

where s is the number of complement receptor binding sites on the C. neofor-
mans capsule. Note that we introduced R,,, and k, in this model instead of R,
and k5. While R,,; and k5 formally described the effect of cooperation among
complement receptors, R, and k, account for the effect of cooperation among
complement receptors as well as complement and Fc receptors. We assumed that
the number of complement receptor binding sites on the C. neoformans capsule
increases quadratically with the amount of antibody bound to the capsule,
reaches a maximum, and then decreases with binding of the additional antibody.
The assumption of the quadratic increase is justified by the experimental results,
which show that the total increase in phagocytic efficacy is more rapid than the
linear increase in the number of binding sites s in equation 9 would imply. We
were primarily interested in modeling the phagocytic efficacy in the range of
concentrations of free antibody where the number of complement receptor
binding sites on the C. neoformans capsule increases. In that range, our model
leads to the following dependence of the phagocytic efficacy, r;, of phagocytosis
on the amount of antibody bound to C. neoformans capsule:

rr=[Ryi (1 —e ™) + Ry (1 = eikﬂll')] [1+ Ry, (1- eik‘ml‘)] (10)

Simulations of the model. We used MatLab 7.4 (The MathWorks, Natick,
MA) in simulations of our model.

RESULTS

Dependence of phagocytosis on antibody concentration and
time. The efficacy of phagocytosis was studied as a function of
antibody concentration (Fig. 1) and time (Fig. 2) in the pres-
ence and absence of complement receptor blockade. Although
this system does not include complement opsonins, phagocy-
tosis can occur through the complement receptor as a result of
an antibody-mediated change in the fungal polysaccharide cap-
sule that allows interaction of polysaccharide with the comple-
ment receptor. Hence, in the absence of complement receptor
blockage, phagocytosis occurs through both Fc and comple-
ment receptors, whereas in the presence of blockage, phago-
cytosis occurs only through the Fc receptor. In the absence of
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FIG. 2. Experimental counts of the number of phagocytized microbes (per 100 macrophages) as a function of time for antibody concentrations
of 10 and 100 pg/ml (A) and 0, 250, 500, and 100 pg/ml (B). Error bars represent standard deviations.

complement receptor blockage, the number of ingested mi-
crobes increased as a function of antibody concentration until
250 pg/ml but sharply decreased thereafter (Fig. 2A). At most
antibody concentrations studied, phagocytosis is essentially
completed or considerably slowed down after 2 h.

Mathematical analysis of antibody binding to C. neoformans
and Fc receptors. C. neoformans capsule has 1.1 X 10° binding
sites (4), which implies that the 1.5 X 10° microbes per well
used in our experiments can bind 0.04 pg of IgG. It is known
that each macrophage cell has approximately 10° binding sites
(see references 7 and 18), and therefore, 0.75 X 10° macro-
phages would bind approximately 0.004 pg IgG (for 2 X 10°
binding sites per macrophage as given in reference 7). This
implies that in our experiments the amount of free antibody is
well above the total (Cryptococcus neoformans capsule and
macrophage together) capacity for binding of antibody. In such
a case, standard biochemical equations imply that the amount,
Ay, of the antibody bound to the Fc receptors is given by the
exponential function

Ky

Aw=Lug ey + 1l

1— e—l)FM(KML'0+ l)t] (11)

L,, is the total capacity (the number of receptors) of Fc recep-

tors for binding the antibody, K,, is the affinity constant, and
Dy, is the corresponding dissociation rate constant. ¢, is the
initial concentration of free antibody. A summary of the vari-
ables and parameters as well as their values and units are given
in Tables 2 and 3. A full derivation and a discussion of these
equations is given in the supplemental material.

Similarly, we determined that the amount of the antibody,
Ap, bound to the Cryptococcus neoformans capsule is given by

KPCO D
— _ ,—Drp(Kpco + 1) ¢
Ar=Lp g gl e ] (12)

L, is the total capacity of microbes for binding the antibody
(number of binding sites in the capsule), K, is the affinity
constant, and D, is the corresponding dissociation rate con-
stant.

From the above equations, we can calculate that the half-time

1
for antibody-macrophage binding is S,, = ~———
y phag & 12 Dpy(Kycy + 1)
In 20 90% of F ¢ ied aft
nKMCo— 1 an o of Fc receptors are occupied after

s ! n 2 OKMC i implies that 90% of F
= n . 1S 1mplies a [0) C
O 7 DpKco + 1) Kycg — 9 p ¢

receptors would be occupied in less than 1 min at concentra-

TABLE 2. Antibody binding variables and parameters

Variable or o
Description
parameter
Cp o ..Concn of free antibody, in mol/liter, ¢, (0) = ¢, is initial concn of antibody

.No. (per well) of antibody molecules bound to Fc receptors, 4,, (0) = 0

Lo, No. of binding sites on surface of macrophages, approximately 2 X 10° Fc receptors per macrophage gives a total of

1.5 X 10" sites per well (7)

Ap. .No. (per well) of antibody molecules bound to microbes, 4, (0) = 0
Lp. ..No. of binding sites on C. neoformans cell capsule, 1.1 X 10° binding sites per cell amounts to 1.6 X 10" sites per well
D QN No. of free (not occupied by antibody) Fc receptors per well, X(0) = L,,, where L,, is the total no. of receptors on the

macrophages in one well

Z v No. of complement receptors per well, assumed constant in our experiments
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TABLE 3. Affinity and rate constants for antibody binding

Parameter

Description and value

Association (affinity constant) for free antibody binding to macrophages, 2.9 X 10’ M™%, reported in reference 18
....Dissociation constant for free antibody binding to macrophages, 0.26 min
...on rate constants for free antibody binding to macrophages, k., = KpDpp, = 7.54 X 105 M ™! min
....Association (affinity constant) for free antibody binding to microbes, Kp = 2.2 X 10° M™!

Dissociation constant for binding of free antibody binding to microbes, we used 0.9 X 10~> min ", slightly lower then

~1, as reported in reference 18
—1

the value 107> min~' of the dissociation constant measured for binding of antibody to oligosaccharide by surface
plasmon resonance (unpublished); since the binding of antibody to oligosaccharide is monovalent while the IgG
molecule is divalent and capsular polysaccharide is likely to have many repeats per molecule, this number is likely

to be an overestimate of D

Kpp covvensenseessesississssssanns on rate constant for free antibody binding to microbes, k;p = KpDpp = 1.98 X 10* M~ min~

1

tions of 100, 250, and 500 p.g/ml of free antibody, assuming that
Ky =2 X 10" M. At 10 pg/ml, approximately 80% of the
total number of Fc receptors are occupied in a long run, and
saturation is reached within the first 5 min. The predictions for
the amount of free antibody bound to the C. neoformans cap-
sule are depicted in Fig. 3 and indicate that this process will
reach saturation within 2 h.

The above binding dynamics are consistent with our exper-
imental data on the time course of phagocytosis at low con-
centrations (Fig. 2A) as well as at high concentrations. There
was no increase in the number of ingested microbes after 1 h
with high initial concentrations of free antibody (Fig. 2B).
However, the experimental data also revealed a progressive
increase in phagocytosis after 1 h for assays using an initial
antibody concentration of 250 wg/ml. This was unexpected
because, at this concentration, our calculations showed that
most of the Fc receptors on the macrophage surface and an-
tibody binding sites in the capsule are occupied (saturated) at
that time.

The increase in the phagocytic index at antibody concentra-
tions of 100 and 250 pg/ml (Fig. 1A) was also rather surprising,
considering that most Fc receptors are occupied very rapidly
and that the number of sites on C. neoformans available for
binding of antibody already bound to Fc receptors is reduced
with higher concentrations. This was unexpected because, at
this concentration, our calculations showed that most of the Fc
receptors on the macrophage surface and antibody binding
sites in the capsule are occupied (saturated).

It is noteworthy that these results indicate that there is no
replication of ingested yeast. That result is consistent with the

>

0.8

0.6

AP/LF after two hours

o 200 400 . 600 800 1000
0

fact that intracellular yeast replication occurs several hours
after ingestion (17), while the experiments studied and mod-
eled here were limited to 2 h.

The above experimental data and the analysis of the binding
process indicated that the dynamics of binding in this experi-
mental setup had a major influence on the outcome of these
experiments. We hypothesized that phagocytosis at lower con-
centrations of antibody was facilitated by both Fc and comple-
ment receptors, that at higher concentrations the contribution
of the complement receptors would be more significant than at
low concentrations, and that phagocytosis through Fc recep-
tors is negligible since free antibody would block most of them
very quickly. Consequently, we proposed a mathematical de-
scription of the efficacy of phagocytosis and designed several
new experiments to analyze and quantify its dependence on the
amount of antibody and further develop the mathematical
formalism based on the experimental results obtained.

We performed three additional sets of experiments, each set
including two conditions, one with and the other without
blocking complement receptors. In all three sets, C. neofor-
mans was incubated with IgG1 for at least 1 h to obtain near-
saturation occupancy of the binding sites on the C. neoformans
capsule. This provided us with a set of data where the amount
of antibody bound to the C. neoformans capsule did not change
significantly over the 2 h during which the phagocytosis exper-
iments were conducted and was therefore suitable for model-
ing phagocytic efficacy and validating our models and assump-
tions.

Experiments designed to investigate phagocytic efficacy. In
the first set of experiments, C. neoformans cells were incubated

B,

0.8 +++"‘+ .........
s ™
+++ .....
208 S
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0.4 A o 100 pg/ml
S + 250 pg/ml
o2lf, OD,,O —500 pg/ml
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100 120

FIG. 3. Graphs of the antibody binding to the microbe capsule: the amount bound after 2 h as a function of the initial concentration (A) and

the dynamics of binding (B).
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FIG. 4. Experimental counts of the number of phagocytized microbes, P, (per 100 macrophages), as a function of the initial antibody
concentration ¢,,. IgG1 was incubated with C. neoformans cells for 1 h to obtain near-saturation occupancy of the binding sites on the C. neoformans
capsule. C. neoformans cells were then separated from antibody and added to a macrophage monolayer in the fresh medium (see Materials and
Methods). The two sets of results represent experiments without and with blocking of complement receptors. The results of experiments with
blocking represented in panel A were obtained with partial blocking of complement receptors, and those in panel B were obtained with
complement receptors fully blocked. Error bars represent standard deviations.

with antibody for 1 h, separated from remaining free antibody
present in the solution, and added to the macrophage mono-
layer in the fresh medium. This experimental setup eliminated
the possibility of blocking of Fc receptors by excess free anti-
body. In this set, we conducted experiments without blocking
complement receptors as well as experiments with (partial)
blocking of complement receptors. The experimental results
are shown in Fig. 4. We blocked the complement receptor
using antibodies to the complement receptor subunit compo-
nents CD11b, CD11c, and CD18. These antibodies do not
affect the Fc receptor but inhibit phagocytosis through the
complement receptor. The experimental methodology used
had been developed in a prior study that explored mechanisms
by which IgM promoted phagocytosis in the absence of com-
plement (14). Initially, we applied those conditions to the sys-
tem studied, but the inability of our modeling equations to
adequately describe the dependence of the phagocytic index on
the antibody concentration suggested that this protocol, which
had been devised to block IgM-mediated phagocytosis through
the complement receptor, was inadequate for fully inhibiting
IgG-mediated phagocytosis through that receptor. Hence, the
protocol was modified to increase the amount of antibody in
the initial blocking step and to maintain blocking by adding
antibody to the complement receptor to the phagocytosis con-
ditions. Phagocytosis data generated with the enhanced block-
ing conditions were well simulated by our proposed model.
Hence, the model proposed here was predictive of incomplete
blocking and generated a hypothesis that could be tested by
altering the conditions of the experiment.

In the second set of experiments, C. neoformans cells were
again incubated with IgG1 for 1 h to obtain near-saturation
occupancy of the binding sites on the C. neoformans capsule. C.
neoformans cells were then separated from remaining free
antibody present in the solution and added to the macrophage

monolayer in the fresh medium. We first conducted a control
experiment without blocking of complement receptors and un-
der the same experimental conditions as the experiment with-
out blocking of complement receptors in the first set. The
experiment with blocking of complement receptors was also
conducted under the same experimental conditions as the cor-
responding experiment in the first set, except for the enhanced
blocking of complement receptors. For these experiments, the
protocol of the experiment with blocking was modified by
incubating the macrophage monolayer with (complement)
blocking antibodies (50 pg/ml) for 1 h prior to the phagocytosis
experiment. After washing and addition of the C. neoformans
suspension and MAb 18B7, complement receptor blocking was
maintained by including the blocking antibodies (10 wg/ml) in
the macrophage-yeast suspension. The experimental results
are shown in Fig. 4B. The experimental results show a consid-
erable reduction in the phagocytic index compared to the ex-
periment with blocking in the first set and, in particular, almost
no increase in the phagocytic index with increasing concentra-
tions of free antibody above 10 pwg/ml. In our simulations, we
assume that complement receptors in this experiment were
fully blocked.

In the third set of experiments, we incubated antibody with
C. neoformans for an hour and a half. The mixture of antibody
and C. neoformans was added to macrophages, and phagocy-
tized C. neoformans cells were counted after 2 h. In this set of
experiments, we again examined conditions with and without
blocking of complement receptors. The experiment with block-
ing of complement receptors was done under the same condi-
tions as the experiment without blocking except for the (par-
tial) blocking of complement receptors (by adding 10 wg/ml
complement blocking antibodies, as discussed above). The ex-
perimental results are shown in Fig. 5. Our model reveals that
a slight, but noticeable, drop in the number of ingested mi-
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FIG. 5. Experimental counts of the number of phagocytized mi-
crobes, P, (per 100 macrophages), as a function of the initial antibody
concentration, ¢,. IgG1 was incubated with C. neoformans cells for an
hour and a half to obtain near-saturation occupancy of the binding
sites on the C. neoformans capsule. C. neoformans (in the solution) was
then added to the macrophage monolayer (see Materials and Meth-
ods). The two sets of results represent experiments without and with
(partial) blocking of complement (C3R) receptors. Error bars repre-
sent standard deviations.

crobes observed in experimental results at 10 wg/ml is a result
of blocking Fc receptors by excess free antibody. A summary of
the experimental conditions in the above described three sets
of experiments is given in Table 4.
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Modeling the efficacy of phagocytosis and simulations of the
model. We used our proposed mathematical model and the
above-described experimental results to investigate the depen-
dence of the phagocytic efficacy on the antibody bound to the
capsule and to generate simulations that could be compared to
the experimental data. The main variables and parameters of
the model are listed in Tables 1, 2, and 3, and a detailed
mathematical derivation is given in the supplemental material.

In our experiments, C. neoformans was incubated with IgG1
for at least 1 h to obtain near-saturation occupancy of the
binding sites on the C. neoformans capsule. This provided us
with a set of data where the amount of antibody bound to the
C. neoformans capsule did not change significantly over the 2 h
during which the phagocytic efficacy was observed. In addition
to that, since the number of ingested microbes per macrophage
is small compared to the number of microbes a macrophage
can ingest, we can also assume that the number of receptors
does not change significantly in our first two sets of experi-
ments (12). Consequently, we can consider that the phagocytic
efficacy, r;, does not change during the time of the experiments
(120 min) and solve the main equation in our model (equation
1) analytically. Therefore, after 120 min, the number of in-
gested microbes (per 100 macrophages) is given by

Pr=Py (1 —e ) (13)

In our simulations of the model, we will assume that the initial
population of microbes is P, = 200, which corresponds to the
population of microbes (200) per 100 macrophages in our
experiments, therefore normalizing the number of cells in-
volved with respect to the number of macrophages.

We were primarily interested in modeling the phagocytic

TABLE 4. Summary of experiments designed to model efficacy of phagocytosis and corresponding simulations

Expt no. and summary

Simulation and parameters

IA (Fig. 4), phagocytosis without blocking complement receptors,
microbes incubated with antibody for 1 h, excess free
antibody removed prior to adding antibody coated

MICrobes t0 MACTOPRAZES .....cvviiiiiriree e

IB (Fig. 4A), phagocytosis with partial blocking of complement
receptors, microbes incubated with antibody for 1 h and
excess free antibody removed prior to adding

antibody-coated microbes to macrophages ..........cocoeeueeeveuevecueeeiereveuenennn

IIA (Fig. 4B), phagocytosis without blocking complement receptors,
microbes incubated with antibody for 1 h, excess free
antibody removed prior to adding antibody-coated

MICrobes t0 MACTOPRAZES .....cvviiiriiiree ettt

IIB (Fig. 4B), phagocytosis with complete blocking of complement
receptors, microbes incubated with antibody for 1 h and
excess free antibody removed prior to adding

antibody-coated microbes to macrophages ..........cocoeeeveveueveueuereeereueeenennn

IIIA (Fig. 5), phagocytosis without blocking complement receptors,
microbes incubated with antibody for one and a half hours,
suspension containing microbes and excess free antibody

added t0 MACTOPRAZES ....vvvvvveieieiiieieieieieieeee e

IIIB (Fig. 5), phagocytosis with partial blocking of complement
receptors, microbes incubated with antibody for one and a
half hours, suspension containing microbes and excess free

antibody added to MaCrOPhages........ccceueueueurucueveueieieieieieicieeeeeeeveeeeeeeee

.......... IA (Fig. 7), maximum values for R, ky, Ry, Ry, and ky; ky

reduced due to experimental variations

.......... IB (Fig. 7), maximum values for R,,; and k;; k, reduced due to

experimental variations; complement and cooperation
parameters R, k,, Ry, and k, reduced

.......... IIA (Fig. 8), maximum values for Ry, ki, Ry, ko, Ry, and ky

.......... IIB (Fig. 8), maximum values for R, k;; Ry, = 0 and Ry, = 4

due to complete blocking of complement receptors and
cooperation parameters

.......... IIIA (Fig. 9), values of R,,; and R,,, reduced by factor of 0.9

due to exptl variation; R,,; and R, reduced [by a factor
of f(cy)] due to blocking of Fc receptors by excess free
antibody

.......... I1IB (Fig. 9), values of R,;; and R,,, reduced by factor of 0.9 due

to exptl variation; R,,;; and R, reduced [by a factor of f(c)]
due to blocking of Fc receptors by excess free antibody;
complement parameters reduced due to blocking of
complement receptors
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FIG. 6. Plots of efficacy of phagocytosis computed from the experimental data. We computed the efficacy using the formula r, = —In(1 —

P,/200)/120 and experimental data from the three sets of experiments presented in Fig. 4 and 5. The efficacy of phagocytosis is plotted as a function
of the initial concentration, ¢, of antibody (A) and as a function of the fraction (4,/Lp) of the antibody binding sites on the C. neoformans capsule
occupied by IgG (B). A summary of experimental conditions in given in Table 4.

efficacy in the range of concentrations of free antibody where
the number of complement receptor binding sites on C. neo-
formans capsule increases. It that range our model, mathemat-
ically derived in Materials and Methods, leads to the following
expression of the phagocytic efficacy, r,, of phagocytosis

L e T (]
X [1 + RM4<1 - e’k4(g)4)]

where Ap/Lp is the fraction of antibody binding sites on C.
neoformans capsule that are occupied. The units for r;, Ry,
and R,,, are min~', and the parameters k,, k,, k,, and R,,, are
dimensionless parameters. Descriptions, values, and units of
Ap and L, are given in Table 2.

This model is based on the assumption that there is a max-
imum phagocytic efficacy, R,,;, for Fc as well as for comple-
ment receptors (R,,,) but that high concentrations of antibody
bound to C. neoformans capsule and the presence of comple-
ment receptors provide an additional increase in both the
maximum phagocytic efficacy and the rate at which this maxi-
mum is reached. The first two terms describe the increase in

(14)

Ap
phagocytic efficacy due to Fc [Ry,(1 — e ;)] and comple-
Ap\2
ment receptors [Ry,(1 — e”Q(fp) )] when there is no cooper-

ation among receptors. The rates k, and k, quantify the rates
at which the efficacy of phagocytosis increases with the increas-
ing amount of antibody bound the C. neoformans capsule. The

factor Ry,(1 — €~ (gY) accounts for the increase in the phago-
cytic efficacy due to cooperation among different receptors.
We assumed that a maximum number of complement re-
ceptor binding sites is reached for a certain occupancy of C.
neoformans capsule and that, after that point, the number of
sites decreases quadratically with the increasing amount of the
antibody bound to the capsule. Our model provides an esti-
mate for the fraction of antibody binding sites on a C. neofor-
mans capsule occupied that results in the maximum phagocytic
efficacy of phagocytosis through complement receptors: data
presented in Fig. 6 (computed from the experimental results

presented in Fig. 4 and 5) indicate that the maximum number
of complement receptor binding sites on C. neoformans cap-
sule is reached when between 70 and 80% of the sites are
occupied. However, we do not have enough data to set up a
simple model for the events that occur after the maximum
efficacy is reached.

We therefore use equation 14 to describe the increase in
phagocytic efficacy involving both Fc and complement recep-
tors and in the range in which the number of complement
receptor binding sites on the C. neoformans capsule increases.
We provide an approximate model based on equation 9 and
assuming a quadratic decrease in the number of complement
receptor binding sites on the C. neoformans capsule after the
maximum number is reached. This approximation fits well to
the data. The experimental results and simulations are pre-
sented in Fig. 7, §, and 9.

Simulation parameters. The data for r;- computed from the
experimental results and presented in Fig. 6 determine the
maximum efficacy of phagocytosis as well as the appropriate
rates of increase. We first determined the parameters R,,, and
k, by fitting the model to the data points depicted in Fig. 6
(experiment I1B: experiment with [full] blocking in our second
set of experiments). The model and experimental results for
phagocytosis through Fc receptors and with full complement
receptors completely blocked are presented in Fig. 8. The
parameters R,,,, Ry, k,, and k, were then determined by
fitting the model to the data points computed from the exper-
imental results (Fig. 4B) for phagocytosis without blocking
complement receptors (in the same set) and are depicted in
Fig. 6 (experiment IIA). The model and experimental results
for phagocytosis through Fc receptors and without comple-
ment receptors blocking are also presented in Fig. 8.

Simulations of the model for the experimental conditions in
our first set of experiments presented in Fig. 7 were obtained
by reducing the appropriate parameters in our model for the
phagocytosis through complement receptors, as indicated in
Tables 4 and 5. We note that the outcomes of the experiments
without blocking, which were conducted under the same ex-
perimental conditions, were slightly different. We attributed
this difference to small variations in the experimental proce-
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FIG. 7. Comparison of the model simulations and experimental results presented in Fig. 4A. Panels A and B present the same data and
simulations but using different scales. The same legend applies to both panels. Error bars represent standard deviations. Summaries of experi-

mental conditions and simulation parameters are given in Tables 4 and 5.

dure; for example, state of activation of macrophages and
different media lots, etc., and accounted for those variations
first by adjusting the parameters (k,) of the model to fit the
experimental results of the control experiment. A similar ad-
justment was done when fitting the parameters to simulate the
results of the experiments in our third set, where we reduced
the total maximum efficacy of phagocytosis by a factor of 0.9.
Results (not shown) of earlier experiments conducted under
the same conditions justify this adjustment and its attribution
to the experiment-to-experiment variation.

Simulations of the results of the experiments in our third set,
conducted without separating excess free antibody from the
suspension containing microbes, are presented in Fig. 9. The
model parameters in this case were obtained by introducing
the dependence of the parameters R,,; and R,,, on the initial
amount of free antibody. While the assumption that the num-
ber of receptors does not significantly change in the course of
our experiments is reasonable in our first two sets of experi-
ments, it does not apply to the third set, since our computa-
tions showed that a large fraction of Fc receptors were blocked
by excess free antibody. Since the conditions in our experi-
ments were uniform and controlled, we know that most yeast

A200*

150
o~ 100
50 - § S | p A
0 . . . . .
0 100 200 300 400 500
C, in pg/ml

FIG. 8. Comparison of the model simulations and experimental resul

cells reach the macrophage layer within minutes. Moreover,
our computations indicated that most Fc receptors are blocked
by excess antibody also within minutes at all initial concentra-
tions of free antibody used in our experiments except the
lowest one. Therefore, we assumed that the phagocytic efficacy
in our experiment was mostly influenced by the number of Fc
receptors that were available at the moment when the yeast
cells reached the macrophage layer. Consequently, when ap-
plying our model to the experimental results of our third set of
experiments, we accounted for this reduction in the number of
Fc receptors by making an appropriate adjustment to phago-
cytic efficacy. We therefore introduced a decrease in the max-
imum phagocytic efficacy through Fc receptor R,,, by a factor
flco) = e "%, where ¢, is in wg/ml. This decrease corresponds
to the increase in blocking of Fc receptors as the concentration
of free antibody is increasing. We also reduce R,,, by a factor
which characterizes the contribution of Fc receptors to the
increase in phagocytic efficacy due to cooperation among the
receptors.

This is a very rough approximation, but it gives a surprisingly
good fit to the experimental data. The rationale for such an
estimate is that the fraction of the Fc receptors that will bind
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ts presented in Fig. 4B. Panels A and B present the same data and

simulations but using different scales. The same legend applies to both panels. Error bars represent standard deviations. Summaries of experi-

mental conditions and simulation parameters are given in Tables 4 and 5.
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FIG. 9. Comparison of the model simulations and experimental results presented in Fig. 5. Panels A and B present the same data and
simulations but using different scales. The same legend applies to both panels. Error bars represent standard deviations. Summaries of experi-

mental conditions and simulation parameters are given in Tables 4 and 5.

free antibody increases exponentially as a function of the initial
concentration and that the phagocytic efficacy is considerably
reduced at the point when a large fraction of Fc receptors are
occupied very early in the process.

The summary of experimental conditions in the experiments
modeled and the corresponding adjustments of the parameters
in the simulations is given in the Table 4. The values of model
parameters used in simulations are given in Table 5.

DISCUSSION

Experimental studies of dependence of the phagocytic index
on IgG concentration revealed a peculiar aspect of this process
that was difficult to explain: while the phagocytic index in-
creased steadily in the 10- to 100-pg/ml IgG range, at antibody
concentrations greater than 250 wg/ml, there was a consistent
net reduction in phagocytic index. This phenomenon is called
the prozone-like effect, and it is noteworthy that a similar type
of nonlinear dose dependence is observed in the experiments
with the survival rate of mice subject to passive immunization
where the high doses of antibody are associated with reduced
efficacy and protection (13). Moreover, the higher concentra-
tions used in our experiments and studied in our mathematical
analysis are comparable to those found when antibody is ad-
ministered passively or therapeutically. The lower concentra-
tions of antibody used in our studies are comparable to those
found after an immune response or vaccination.

To understand the mechanisms of phagocytosis and, in par-
ticular, those responsible for the above-described increase and
subsequent drop in phagocytic index, we turned to mathemat-

ical modeling, which allows quantitative analysis of causal re-
lationships and the testing of assumptions. There are several
mathematical models of phagocytosis in the literature (11, 16),
but none has considered the mechanism of attachment of mi-
crobes to macrophages and the dependence of the processes
involved in both attachment and ingestion on the amount of
antibody and the number of available receptors. We described
the phenomenon of IgG-mediated phagocytosis by a system of
seven differential equations. We started with very general as-
sumptions that a biological process of this type would satisty
and constructed a model that reproduced the experimental
results very well.

The results of our mathematical analysis of the depen-
dence of phagocytic index on the concentration of antibody
in our initial experiments brought to light a perplexing phe-
nomenon: the concentrations where the increase in the
phagocytic index was observed in our initial experiments
were considerably higher than the binding capacity of both
macrophages and microbes, and there was a high likelihood
that both antigen binding sites in the cryptococcal capsule
and Fc receptors were saturated. This suggested additional
experiments that provided insights into these effects and
enabled us to construct a mathematical model that repro-
duced the experimental data.

More precisely, our calculations indicated that, in our initial
set of experiments, Fc receptors would be rapidly saturated at
concentrations higher than 10 pg/ml. That is, we obtained from
equation 11 that, at concentrations of 100, 250, and 500 pg/ml
of free antibody, half of the Fc receptors are occupied within a

TABLE 5. Simulation parameters

Simulation Ry (min—1) ky Ry, (min™1) ky Ry ky
1A 0.002 125 0.0045 308 6.5 1.3
1B 0.002 125 0.0045 < 0.45 308 X 0.45 6.5 % 0.85 1.3 X 0.85
1A 0.002 125 0.0045 1,418 6.5 1.3
1IB 0.002 125 0 NA“? 0 NA
IA 0.9 X 0.002 X f(4,) 125 0.9 X 0.0045 1,418 6.5 X [f(4,) + 112 13 X [f(A4y) + 112
111B 0.9 X 0.002 X f(Ay) 125 0.9 X 0.0045 X 0.73 1,418 X 0.73 6.5 X [f(A,) + 0.92]2 1.3 X [f(4,) + 0.92]/2

“ NA, not applicable.
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minute and 90% of them are occupied in less then 5 min. As we
already pointed out in our initial experiments, we observed an
increase in phagocytic index through the range of concentra-
tion up to 250 wg/ml of free antibody.

Our mathematical analysis indicated that the conditions in
the experiments whose outcomes we analyzed were quite ex-
treme: the concentrations of free antibody were much higher
than the binding capacity of not only macrophages but also
microbes. The fact that the range of concentrations studied is
well above the binding capacity of microbes and macrophages
and yet we still observed an increase in the phagocytic index
over that range put an emphasis on understanding the dynam-
ics of phagocytosis and, in particular, the contribution of
phagocytosis through complement receptors to the phagocytic
index. Our analysis of binding of antibody to the C. neoformans
capsule predicted that the timing of mixing the antibody with
microbes and macrophages was essential for the outcomes of
our experiments.

More precisely, the analysis indicated that the time neces-
sary for the binding sites on C. neoformans capsule to reach
saturation was comparable to the time during which the phago-
cytosis was taking place and was observed (e.g., 2 h). Conse-
quently, this indicated that the amount of antibody bound to C.
neoformans capsule changed considerably throughout the du-
ration of our experiments. To understand and model the de-
pendence of phagocytic index on the amount of antibody
bound to C. neoformans capsule, we designed and conducted a
new set of experiments where the amount of antibody would
not change significantly during the time when phagocytosis is
in progress and used those results to construct our mathemat-
ical model.

In particular, we introduced and studied the efficacy of
phagocytosis, which we define as the fraction of the free mi-
crobes that is ingested as a function of the amount of antibody
bound to C. neoformans capsule and the number of receptors
available (see reference 1). We discussed and tested mathe-
matical models for this function and constructed a mathemat-
ical model for phagocytic efficacy through Fc and complement
receptors separately as well as for phagocytic efficacy when
both types of receptors are available.

By studying the reduction in phagocytic index that resulted
from blocking complement receptors by antibodies to CD11
and CD18, we distinguished among the contributions from the
two different types of receptors: Fc receptors and complement
receptors. In fact, our modeling simulations predicted that the
blocking protocol used in earlier studies (13, 14) was inade-
quate to fully inhibit phagocytosis through the complement
receptor at higher antibody concentrations. Consequently, the
protocol for blocking complement receptors was modified to
use higher amounts of blocking antibody, leading to improved
concordance between experimental results and mathematical
predictions. The ability of the mathematical model to discrim-
inate between receptor binding and to yield insight on the
relative contribution of the two receptors to phagocytosis pro-
vides confidence in the relevance and correctness of the pro-
posed equations.

We considered IgG concentration effects on both the mi-
crobe and the macrophage. Our model predicts that more free
antibody results in more rapid binding to the yeast capsule,
producing a higher saturation level and therefore rapidly en-
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hancing phagocytosis through Fc receptors. However, too
much antibody rapidly reduces the number of available Fc
receptors. Phagocytosis through complement receptors rapidly
compensates for this effect, and after a slight but noticeable
drop in the phagocytic efficacy (at the concentration of free
antibody, around 10 pg/ml in our experiments), phagocytic
index continues to increase. However, eventually there is too
much antibody bound to the capsule, which considerably re-
duces phagocytosis through complement receptors, possibly
through steric effects and/or additional changes to the capsule.
Additional experimental information that could contribute to
the refinement of the model includes more quantitative data
on the involvement of different types of receptors, the extent to
which there is cooperation between them, and a better under-
standing of the interaction between antibody-modified capsu-
lar polysaccharide and the complement receptors. Particularly
interesting would be experiments with different biological sys-
tems whereby antibody-mediated phagocytosis occurs through
more than one cellular receptor.

Given that antibody-mediated phagocytosis through the
complement receptor has recently been shown to be associated
with protection (19), interference with this mechanism by high
antibody concentrations may contribute to the decline in effi-
cacy observed in passive protection studies with large antibody
doses (13, 15). We expect that, in all conditions, the efficacy of
phagocytosis will involve a subtle balance between enough free
antibody available to bind to the yeast capsule and yet not so
much as to saturate the capsule and Fc receptors.

We established that with higher initial concentrations of free
antibody the affinity constant of Fc receptors for binding of
free antibody is an essential parameter of the model and might
influence how the phagocytic index depends on the concentra-
tions of free antibody. This in turn implies that modeling the
efficacy of phagocytosis will strongly depend on the type of the
phagocytic cell and the types, affinities, and numbers of Fc
receptors involved. Furthermore, the model predicts that the
magnitude of the affinity and dissociation constants of the
antibody from binding sites on the microbe is a major contrib-
utor to the phagocytic efficacy, especially for the phagocytosis
through the complement receptors.

In summary, we propose a mathematical model for the
phagocytosis of C. neoformans that can simulate and explain
experimental results obtained through a range of antibody
concentrations. The ability of our model to predict the exper-
imental outcome on the basis of the assumed parameters pro-
vides confidence that the major variables and parameters in
this system are well understood. The model proposed success-
fully predicts the dependence of the phagocytic index on the
antibody concentration and explains the paradoxical reduction
in phagocytic index at high antibody concentrations. Hence,
our model provides an explanation for the processes involved,
establishes the relative importance of those variables and pa-
rameters, and provides a starting point for incorporating ad-
ditional complexity. Although the equations presented were
derived to explain the experimental data for C. neoformans,
they could serve as a basis for future mathematical modeling of
phagocytosis of other microbes, especially those systems in
which opsonization and/or cooperation among different types
of receptors plays a significant role. The development of a
more accurate model for C. neoformans phagocytosis would
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require additional information that is not currently available,
including the rates of microbe-macrophage attachment as a
function of antibody concentration, macrophage receptor den-
sity, and microbial binding sites. In this regard, the mathemat-
ical modeling has identified gaps in the current knowledge of
C. neoformans phagocytosis and calls for further studies, ex-
perimental and theoretical, of the mechanisms of attachment
and ingestion of this and other microbes to macrophages, the
signaling pathways involved, and the potential for cooperation
between different types of opsonic receptors.
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